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ABSTRACT- Th~s paper presents a graphic
cleslgn method for the low-noise, low in-
put VSWR ampllflers,where all necessary
design information lS placed in the in-
put impedance plane, As a consequence of
the blllnear tranformatlons involved,
all parameters can be representeci by
circles which centers and racill are In
the Input Impectance Plane. FQr a. given
set of the n[>i Se f igut~~ and input VSWR
the maxlmurn achievable gain aria corres-
pondlnF terminations can he determlneci
by inspection of t~e graph. Furthermore
not only the analytlc expressions make
the calculations very fast but the
results of changes In the noise figure,
input VSWR and gain can be viewed
directly,

I) DESCRIPTION OF THE PROBLEM:

Noise figure of a linear noisy two-
port with an arbitrary source impedance
(Zx) 1s expressed in terms of equivalent
noise resistance (RN) , mlnlmum noise
figure as ratio (FH) and optimum source
Impedance (Zov) Of the two-port , as
follows:/1/ -
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two-port 1s a function
of source (Zs) and load (ZL) Impedance
vla Input Impedance (Zl) of the two-port
as follows:/2/
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small-signal open-

Clrcult z-parameters of the two-ports
ant! 1 1s the Input reflection
coefficient.

The transducer power gain of the
same two-port Is a function of the
source anti 1oad Lmpeflances and the
z-parameters are as follows:

where Zs=Rs+jXs,

ZL=RL+JXL. (3)
The problem can be describe<? as a

mathematical lY constrained maxlmlzatlcm
problem which 1S to find the maximum
value of CiT(RS, XS,RL,XL) ~ubJect to

oi = F1.eq-F(Rs, x$)=O and
02 = vll.eq-vi(Rs,xs,RL,x~)=O and the
corresponding values of Zs=Rs+jXs,
ZL=RL+JXL where Freq and Vlpeq are the
required noise anct input VSWR
respectively.

Although the Lagrange multipliers
method lS suggested particularly for
thl S equallty constraineci type of
maximization problem , the equations
obtained by differentiating the
composite function E=G +2 O +~e~. are
hlgrl Ora.er algebraic ‘poly~om+a~s which
maKe it c!lfficult to find an analytlc
expression for a solution of the
problem. Instead of thl S mathematical
solutlon a geometrical search has been
carried out based on constant noise ,
input VSWR and gain circles In the
source and input planes Keeping the
solutlon w~thln the physical bounds.

2, CONSTANT NOISE, INPUT V,SWR AND GAIN

CIRCLES IN SOURCE IMPEDANCE (Zs) PLANE.

A general circle equation in the Zs
plane whos e center and radius are
ZG.RC+JXC and P may be expressed as

IZS12 -2RR -2XX c s +Izcl 2 - rp zO(4)
Cs
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So, using (1) the equation of the circle
family of the constant noise figure In
the z: plane 1s

~z 2 - 2(I?
,1 OP+N)RS - 2XO:S’IZOP12=;5, ,,

where Zop = ROP+JX ~ ,
N=(F req-FM) IZOPI%RN i5s21

Elrnllarly , UXllig (2) -an d (3) t h!?

pql.~.~t 1 oliS 0 f the C[?llg t .311+. VE.WR a.n{l &!a.in
circle famllles can be
g~ven as follows:

z
s

z
s

i+l?J2 R .2X2 _2R
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respectively

where C=2RLIZ 12 /’ Iz +Z
21 22 L12

2,-J

(5)

(7. 1)

(7. 2)

‘The centre and radll of these circles
can be easily determined by using the
equation (1) , which will be denoted
respectively as ZCP=R,:P+JXCP ,
z c v ❑R[;V+JX<:V and rcpl rcv later. As 1s
understood from (6) and(7. l),the centre
of the VSWR and gain circles lle on the
same lmaglnary axis which Is-xl. It can
be shown that rp= rv when R,-:P=RC:V. The
physical meaning of this 1s ‘that only
source ~mpedance to be chosen on the
required VSWR circle WII1 always maKe
gain max I mum under the constrained of
the required VSW.R , which can be shown
to be

,2
izi21 R

G, L (i-@
T

1~ 12 R
22’ZL 1 (8)

so only the required noise and VSWR
circles can be taken Into account in the
Zs plane , because any mutual point of
these two clrc?es not only satisfies
both noise and VSWR requirements but
also makes the gain maximum in the 2s
plane.

3, CONTROL OF THE POSITINS OF THE VSWR
CIRCLES w. r. t. THE NOISE CIRCLES IN THE
Zs PLANE FROM THE INPUT IMPEDANCE
PLANE

AS can ne seen from (5. 1) and (5) the

required noise clrrle 1s constant whl 1e

trie required VSWR rlrcle can t,rave 1

depending c1n 1oafl lmpeflan,ce vla the
Input impedance , Zi. Therefore , the

followlng slt.uatlons are possible. These
clreles may not touch , they become
tangent or they cut each other. Since
the tangent posltlons-external and
internal pOSi?IOnS- are the tran.sltlons

:: ~.,,s?agez , . they w1ll br lnvestlgatecl
which general equat~on in the Z:? plane
as follows:

BY using the exPesslons for Z,:ll, Z,:v, 1’11,
rv, tne correspondin~ circle of this In
the zt-plane 1s

L–

~+lyll
2

lzl\ 2-2[(R +N) —
OP 1-19112

+\zopl+o (10)

whl ch represents two different circles
T1 and T2, because of two different
tangent posltlons of the noise and Input
VSWR circles in the Zs plane. It can be
shown that the center of these T1 and
T? lles on the same lmaglnary axis and
the circle T2 alwaYs takes Place lnslde
the circle T1 without touching. (Fig. 1)
Five different regions in the input
Impedance plane bounded by T1 and T2
circles cause different InteractIons of
the required VSWR circle with the noise
circle In the 2:s plane, As IS seen
from Fig. 1, the regions numbered by 1
and 5 In the ZI plane do not cause any
mutual point of both the noise and VSWR
circles in the Z plane, so these cases

do not give any $~?iUtiO1l.

4. GEOMETRICAL AND ANALYTICAL SOLUTION OF
THE CONSTRAINED MAXIMUM GAIN IN THE Z1-
PLANE; DETERMINATICJNS OF THE TERMINATIONS

To find the exact geometrical and
analytical solutlon of this constra~ned
problem, the constant gain circles given
by eq. (8)are constructed in the Z1 Plane
and then lnvestlgat~ons of the value of
these gain circles In the solutlon
re.glens are made.

The equation of the circle family 1 n
the 21 plane with GT as a parameter IS
found as follows:

GTIZ. /2 R
\zll 2 -(2*. -r- 12

111’22
)~

i-lqllp 1*22
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xl 1
__--.- (2xlfrX)-X) - -__-(r rll+x Xii)

r22 r22

+lzii 12=0 ; where r =Real{z I ,
1,1 l]

xlJ=Imag{ziJ}: z=z~pz21=r+Jx,

r=Real{zi2z2il ,x=Imag[zi2zz21} (11)

As can be found from the consideration
the eq. (11), the maximum available gain
IS only achieved at the point where rg
(radius) equals zero , which IS only
obtained when the two-port 1s
unconditional lY stable. For the
unconditionally stable case, the solutlon
geometrically appears depending on the
posltlon Of Zcgmax which 1S the input
impedance corresponding to the maximum
available gain. It lS obvious that If
z cgm,ax ‘s Region 1 the maxi mum
achievable gain WI1l have the value of a
constant gain circle whl ch Is tangent
to circle T1. (F18, 1) Slml 1ar
considerations are made for the other
solutlon regions and the corresponding
terminations are also found by
geometrical considerations in the Zi-
plane and the relatlon equations between
Zl and ZL,and the noise and Zz.

In the conditional lY stable case ,

the gain cLrcles are constructed In
the Z1-?alane In terms of the radius and

‘-ofcenter the source plane
circle , which equation AS as
(Fig. 2)

2

.!22--.--l-
(i-1~ / ) (r 2_lz1+zcs

Fi212
s

Slmllar considerations as In

tablllty
follows:

2)/R
1

(12)
the case

of unconditional stablllty are made to
obtain the maximum gain and termlnationst

5, DESIGN CONSIDERATIONS AND CONCLUSIONS:

A designer usually wants to follow the
procedure given below for the design of
1Ow noise , low input VSWR transistor
ampllflers: 1)+ Selectlon of transistor to
meet requirements. 2). Modlfylng the
requirements for a better and/or
reallsable performance. 3).Determination
of corresponding terminations.
4)< Iieallsatlon of matching blocKs. The
first two Items are covered in Fig, 3,
whl ch are the maximum gain contours
w. r. t noise and input VSWR. These curves
not only show what is available, but let
a designer trim the requirements at the

expense or benefit of each other,
After performing the first two Items

of the design procedure given above,
what maximum gain, noise and Input VSWR
w1lI be obtained are known, From th’e
geometrical consiclerat.ions , one c .an
calculate the Input impedance and the
corresponding load impedance. Then by
drawing the particular required VSWR
and noise circles in the source
lmpeclance plane , the wanted source
impedance can easily be picked from the
tangent or intersection points of both
circles, It can also be found
analytically,
The last item is a commonly known basic
procedure and out Of scope of this
paper.

The conditional formulation of the
maximum gain SUbJPCt tO noise and
input VSWR may probably find substantial
application in the preparation of
data sheets of microwave transistors
by manufacturers in the followlng years.

BeCaUSe the maXimUm gain contours .SUbJeCt
to noise and VSWR WI1l not only be able
to better characterize the performance
of a low noise microwave transistor with
the corresponding termlnatlons, but will
also help the user for a qulcK design.
Thl S formulation w1ll . also let the
designer be aware of some incompatible
requirements of gain, noise and VSWR for
narrow and medium banci ampllfier design.

Heretofore the common way followed in
the design of a low noise ampllfler lS
to get the noise figure as lower as
possible while Iettlng the input VSWR

“go free” and use a circular or a

balancea configuration to meet the

input matc~ requirement.. If a circula-
tor is usecl, lts 10SS is adcied to the
system noise figure, Besides , use of a
circulator or a coupler with the MMIC’S
cancels the benefits of a small MMIC
ampllfler. This method 1s meant to be
higher level tool in the design of MMIC
amplifiers , with which we can overview
the possible designs that we can sLIpply
to a network analysls program data for
simple matching networks.
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Maximum gain circle which satisfies

required noise and input VSWK
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Fig. 2 Determination of maximum transducer power gain and corr.

input impedance which satisfies required noise figure
and input VSWR
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